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Abstract. We establish sharp upper bounds for the topological 
complexity TC(X) of motion planning algorithms in topological 
spaces X such that the fundamental group is "small", i.e. when 
7Ti(A) is cyclic of order < 3 or has cohomological dimension < 2. 

1. Introduction 

Given a mechanical system, a motion planning algorithm is a func- 
tion which assigns to any pair of states of the system, an initial state 
and a desired state, a continuous motion of the system starting at the 
initial state and ending at the desired state. Design of effective motion 
planning algorithms is one of the challenges of modern robotics, see 
[12] . Motion planning algorithms are applicable in various situations 
when the system is autonomous and operates in a fully or partially 
known environment. As a typical example we can mention collision 
free control of many particles moving in space or along a graph, see [7] . 

The complexity of motion planning algorithms is measured by a nu- 
merical invariant TC(X) which depends on the homotopy type of the 
configuration space X of the system [1]. This invariant is defined as 
the Schwarz genus (also known under the term "sectional category") 
of the path-space fibration 

(1) p: PX ^ X x X. 

Here PX is the space of all continuous paths 7 : [0, 1] — > X equipped 
with the compact-open topology and ^(7) = (7(0), 7(1)) is the map 
associating to a path its pair of end points. TC(X) is the smallest 
integer k such that X x X admits an open cover JJ\ U TJ% U • • • U Uf. = 
X x X with the property that there exists a continuous section of flTJ) 
Ui — > PX for each i = 1, . . . , k. If X is an Euclidean neighborhood 
retract then TC(X) can be equivalently characterized as the minimal 
integer k such that there exists a section s : X x X — > PX of fibration 
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p with the property that X x X can be represented as the union of k 
mutually disjoint locally compact sets 

X x X = Gi U ■ ■ • U G k 

such that the restriction s\Gi is continuous for i = l,...,k, see [9], 
Proposition 4.2. A section s as above represents a motion planning 
algorithm: given a pair (A, B) G X x X the image s(A, B) G PX is a 
continuous motion of the system starting at the state A and ending at 
the state B. 

Intuitively, the topological complexity TC(X) can be understood as 
a measure of the navigational complexity of the topological space X; it 
is the minimal number of continuous rules which are needed to describe 
a motion planning algorithm in X. 

TC(X) admits an upper bound in terms of the dimension of the 
configuration space X, 

(2) TC(X) < 2dim(X) + 1 

see jl], Theorem 4. There are many examples when inequality ([2]) is 
sharp: take for instance X = T n $T n , the connected sum of two copies 
of a torus. However for any simply connected space X one has a more 
powerful upper bound 

(3) TC(X) < dim(X) + 1, 

see [5J. The latter inequality is sharp for any simply connected closed 
symplectic manifold X, see [B]. Our goal in this paper is to establish 
results intermediate between (jSJ) and under various assumptions 
on the fundamental group tti(X). We start by stating the following 
theorem: 

Theorem 1. Let X be a cell-complex with tti(X) = Z 2 . Then 

(4) TC(X) < 2dim(X). 

Moreover, for a closed manifold X with tt\ (X) = Z 2 one has 

(5) TC(X) < 2dim(X) - 1 

assuming that w n = where n = dim(X) and w G H l (X; Z 2 ) is the 
generator. 

One knows that TC(RP n ) < In for all n (in consistence with @f)\ 
moreover, TC(RP n ) = 2n if and only if n is a power of 2, see Corollary 
14 of©. 

Theorem [1] contrasts the related results for the Lusternik - Schnirel- 
mann category cat(X). Recall that cat(X) denotes the smallest integer 
k such that X admits an open cover X = V\ U • • • U Vp. with the property 
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that each inclusion V% — > X is null-homotopic where i = 1, . . . , k. The 
general dimensional upper bound 

cat(X) < dim(X) + 1 

is sharp for all real projective spaces. Theorem 3.5 of Berstein [1] states 
that for a closed connected n-dimensional manifold X with tti(X) = Z 2 
one has cat(X) = dim(X) + 1 if and only if w n ^ £ H n (X; Z 2 ) where 
w G H l (X] Z 2 ) is the generator. 

Theorem [1] raises questions about sharp upper bounds for TC(X) 
for spaces with other "small" fundamental groups. The case when 
tti(X) = Z 3 is addressed by Theorem [2] below; the answer is quite 
different from Theorem [TJ 

Theorem 2. Let X be a finite cell complex with vri(X) = Z 3 . 

(i) Assume that either dimX is odd or dimX = 2n is even and the 
3-adic expansion of n contains at least one digit 2. Then, 

(6) TC(X) < 2dim(X). 

(ii) For any integer n > 1 having only the digits and 1 in its 3- 
adic expansion there exists a 2n- dimensional finite polyhedron X with 
7Ti(X) = Z 3 and 

TC(X) = 2dim(X) + 1. 

There are examples when inequality ([6]) of statement (i) is sharp. In 
paper [S] it is shown that for the lens space X = Ll n+1 one has TC(X) = 
2 dim(X) for any n having only digits and 1 in its 3-adic expansion. 
Here Lg n+1 is the factor space S 2n+1 /Z 3 where Z 3 = {1,lu,lu 2 } is the 
group of 3-roots of unity, u = e 2m ^ . 

Next we mention the following result applicable to topological spaces 
X with 7Ti(X) of cohomological dimension < 2: 

Theorem 3. Let X be a finite cell complex such that the cohomological 
dimension of its fundamental group does not exceed 2, cd(7Ti(X)) < 2. 
Then one has 

( dim(X) +2cd(7TipO), «/dim(X) is odd, 

(7) TC(X) < 

{ dim(X) + 2cd(7ri(X)) + 1, if dim(X) is even. 

Proof. This follows from a recent theorem of Dranishnikov [3] who stud- 
ied related questions concerning Lusternik - Schnirelmann category. 
The theorem of Dranishnikov [3J states that for a cell complex X with 
fundamental group tci{X) of cohomological dimension not exceeding 2 
one has 



(8) cat(X) < [(dim(X) - l)/2] + cd(vr 1 (X)) + 1. 
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Inequality (JTj) follows from (jBJ) and from the inequality 

TC(X) < 2 • cat(X) - 1, 

see g]. □ 

A conjecture, in the spirit the conjecture concerning cat(X) made by 
A. Dranishnikov in [3], states: There exists a function F : N — > N such 
that for any cell-complex X one has 

TC(X) < dim(X) + F(cd(7ri(X))). 

Finally let us mention the following example. Let X be the d- 
dimensional skeleton of a /i-dimensional torus T M , i.e. X = (T M )^. 
Theorem 5.1 of Cohen and Pruidze [2] gives that TC(X) = 2d + 1, 
assuming that fi > 2d > 4. Hence in general an additional assump- 
tion that the fundamental group tt\(X) is free abelian cannot help to 
improve the dimensional upper bound (J2J). 



2. Necessary and sufficient condition for TC(X) < 2dim(X) 

Given a connected cell complex X, we define below a local coefficient 
system / over X x X and a canonical cohomology class 

(9) t> = Ox e H\X x X;/). 

Denote by G = tti(X,x ) the fundamental group of X and by 
/ = ker(e) C Z[G] the kernel of the augmentation homomorphism 
e : Z[G] — > Z. An element of I is a finite sum of the form Y2 n i9i 
where G Z, #j G G, J^n, = 0. One can view / and Z[G] as left 
Z[G x G]-modules (i.e. as Z[G]-bimodules) via the action 

(10) (g,h) ■^2n i g i = ^2n i (gg i h~ 1 ), g,heG. 

According to standard conventions (see |U], chap. 6), the left Z[GxG]- 
modules I and Z[G] determine local coefficient systems (denoted by / 
and Z[G] correspondingly) over X x X. 
Consider a map / : G x G — » / given by 

(11) f(g,h) = gh- 1 -l, g,heG. 

It is a crossed homomorphism, i.e. it satisfies the identity 

f((g,h)(g\h')) = f(g,h) + (g,h)f(g'ti) 

where g, g', h, hi G G. By Theorem 3.3 from chapter 6 of [14], / deter- 
mines a one-dimensional cohomology class D G H X [X x X; I). 
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Lemma 4. The restriction of the class U = t>x to the diagonal X C 
X x X vanishes, i.e. 

(12) D x |X = 0Gi/ 1 (X;/|X). 

Proof. Indeed, the crossed homomorphism induced by / on the diag- 
onal G C G x G is trivial, f(g,g) = for all g G G as follows from 

dm). □ 

Note that the local system I\X corresponds to the augmentation 
ideal I viewed with the following left G-action 

9 ■ 5^ n ^ = ^2 n i' (99i9~ l ), 

where g,gi G G and n % = 0- 

Here is another property of the class D = X>x which is used later in 
this paper: 

Lemma 5. One has 

* x = f3(l)£H 1 (XxX;I) 

where 

(3 : H°{X xI;Z)^ H l (X x X; I) 

is Bockstein homomorphism corresponding to the exact sequence of left 
Z[G x G]-modules 

-> / -> Z[G] AZ^O. 

Proof. Let X denote the universal cover of X and let x G X be a 
lift of the base point x G X. Consider the singular chain complex 
5* = S*(X x X); we identify So with the free abelian group generated 
by the points of X x X. Recall that S* has a structure of a free left 
Z[G x G]-module. Consider a Z[G x G]-homomorphism : ^(X x 
X) — > Z[G] associating an element of G with every point of X x X and 
such that /c(x ,5;o) = 1 G G; then k(gx ,hx ) = gh^ 1 . The cochain 
eo fc : So — > Z represents the class 1 G H°(X x X; Z) and the Bockstein 
image G H 1 (X x X; 7) is represented by the composition 

5(fc) : 5i ^ So A Z[G], 

taking values in /. A crossed homomorphism /' : G x G — > I associ- 
ated to (3{1) can be found as follows, see [Hj, chapter 6, §3. Given 
a pair (g,h) G G x G = 7i"i(X x X, (x ,x )), realize it by a loop 
cr : ([0, 1], d[0, 1]) — >• (X x X,(x ,x )), then lift a to the covering 
cr : ([0,1], 0) — > (X x X , (xq, Xq)) and finally apply the cocycle S(k) 
to a, viewed as a singular 1-simplex in X x X. We obtain f'(g, h) = 
k(gx , hx ) — k(x , x ) = gh^ 1 — 1 for all g, h G G. This coincides with 
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the crossed homomorphism describing t>x, see ( fTTT) . Hence (3{1) = 
Ox- □ 

Corollary 6. The order of the class X>x G H X (X x X; I) equals the 
cardinality of the fundamental group \G\ of X . In particular = if 
and only if X is simply connected. 

Proof. Consider the exact sequence 

H°(X xX;I)^ H°(X x X; Z[G}) A H°(X xX;Z)^ H\X x X; I). 

Note that H°(X x X; Z[G]) is isomorphic to the set of elements a = 
Yl n i9i G Z[G] which are invariant with respect to G x G-action, see 
[Hj, chapter 6, Theorem 3.2. Consider first the case when G is infinite. 
Then H°(X x X; Z[G]) = as there are no invariant elements in the 
group ring. Since H°(X x X; Z) = Z this implies that in this case the 
class "Ox € H l (X x X;I) generates an infinite cyclic subgroup. 

If G is finite then H°(X x X; I) = (as above) and any G x G- 
invariant element of Z[G] is a multiple of iV = Yl g ec9- Hence the 
group H°(X x X; Z[G]) is infinite cyclic generated by iV and since 
e(N) = \G\, the exact sequence 

-> x X; Z[G]) ^ F (X x X; Z) A F X (X x X; I) 

turns into 

-> Z ^ Z A ^(X x X;/). 

This shows that the subgroup of _f/' 1 (X x X; J) generated by the class 
Dx is cyclic of order |G|. □ 

The following result explains the key role the cohomology class = 
t>x plays in the theory of topological complexity. 

Theorem 7. Let X be a cell complex of dimension n = dim(X) > 2. 
One has 

(13) TC(X) < 2n 

if and only if the 2n-th power 

D 2 "=0 6 H 2n {X x X; I 2n ) 

vanishes. Here I 2n = /®z-f ®z - • -®zl denotes the tensor product over 
Z of2n copies of I , viewed with the diagonal action of G x G, and t> 2 ™ 
is the cup-product t> U t> U ■ • ■ U t> of 2n copies of . 

Proof. Consider the path space fibration ([1]). The topological complex- 
ity TC(X) is defined as the Schwarz genus of this fibration. Consider 
also the 2n-fold fiberwise join p 2n : P2 n X —>■ X x X of fibration (pQ); 
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this construction is described in detail in [T3] , chapter 2, §1. Accord- 
ing to Theorem 3 of Schwarz [13] , one has TC(X) < In if and only 
the fibration p 2n has a continuous section. The fibre F 2n of p 2n is the 
2n-fold join QX * QX * ■ ■ ■ * QX, where QX is the space of based loops 
in X. It follows that the fibre F 2n is (2n — 2)-connected and hence the 
primary obstruction 

6 2n G H 2n {X x X- C 2n ), C 2n = {7r 2n ^(F 2n )} = {H 2n ^(F 2n )}, 

is the only obstruction to the existence of a continuous section of p 2n : 
one has TC(X) < 2n if and only if 9 2n = 0. Note that the fibre F 2n 
is 2-connected since n > 2. The symbol C 2n = {H^^F^)} denotes 
a local system of homology groups of fibres which associates with any 
point (x, y) G X x X of the base the abelian group 

and with any path a : [0, 1] — > X x X an isomorphism 

( 14 ) : £T(i) -* £l n (o) 

defined as follows. Given a one applies the Homotopy Lifting Property 
to find a map 

(15) K:p 2r ](a(l))x[0,l}^P 2n X 

satisfying K(a,l) = a and p 2n (K(a,t)) = a(t) for all a G p 2 n( a (^)) 
and t G [0, 1]. Then a \— > K(a, 0) is a map p 2 ^{a{l)) — > P2n (c(0)) and 
is the induced map on homology. 
By Theorem 1 from [13] the local system £ 2n is the tensor power of 
2n copies of a local system £, 

C 2n = £®£® ■••<»£, (2n times) 

and the obstruction 9 2n is 2n-fold cup-product 

6 2n = eueu---U6 (2n times), 6 e H\X x X;£). 

Here C is the local system Cu y ) = ifo(p~ 1 ( a; ; 1/)) of reduced zero di- 
mensional homology groups of fibres of the initial fibration ([T]) and 
9 G H 1 (X xl;£) is "the homological obstruction" to the existence of 
a continuous section of ([T]) over the 1-skeleton of X x X. Theorem [7| 
follows once we are able to identify the local systems C and / so that 
= o G ^(X x X;/). 

Let xo G X the base point. The fiber p _1 (xo,xo) is the space QX 
of all loops in X based at xq. Path-connected components of the fibre 
are in one-to-one correspondence with elements of of the fundamen- 
tal group 7Ti(X, x ) = G. We see that Hq{j>~ 1 (xq,Xq)) = Z[G] and 
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£(x ,x ) = -^o(p _1 (a ; o, xq)) = I = ker(e). Next we show that the mon- 
odromy on I acts according to ([TO]) . Given a path cr : [0, 1] — * X x X, 
where a(t) = (a(t), (3(t)), with <r(0) = cr(l) = (xo,xq), we may define 
a homotopy 

K a :p- 1 (x ,x )x[0,l]^PX 
similar to (|15p by the formula: 

' a(3t + r), for < i < ^f, 



tf ff (w,r)(t) 



^ (3(-3t + r + 3), for 2±i < t < 1 



where uj G p _1 (:ro,Xo) = fiX and t, r G [0, 1]. One has If (a;, 1) = OJ 
and p(K(uj, r)) = cr(r). The monodromy action f2X — * fiX along cr is 
given by 

(16) u i— > K a (ui, 0) = <m>/3; 

here /3 denotes the inverse loop to /3. We see that this map induces on 
H (QX) the monodromy action ffTUj) and therefore 7 and £ coincide as 
local coefficient systems. 

Finally we show that the homological obstruction 9 G H 1 (X x X; I) 
equals 0. Without loss of generality we may assume that X has a 
single zero-dimensional cell xq. Let ujq be the constant loop at xq; 
this defines a section over the 0-skeleton. The homological obstruction 
associates with any oriented 1-cell of X x X the formal difference, in 
if o (fiX) = i, between the connected components of K a (uj ) and u 
where a is a loop representing the cell. For any oriented 1-cell e of X 
consider the corresponding oriented one-cells e x xq and xq x e of X x X. 
As follows from formula ( |T6|) the crossed homomorphism /' : GxG — > i 
corresponding to # is given by 

/'(</, l) = 0-1, /'(l,^) = /i" 1 -l, heG. 
Hence, we see that 

f{9, h) = f'((g, 1)(1, h)) = f'(g, l)+(g, h) = gh^-l = f(g, h). 

Therefore 9 = t>. □ 

Corollary 8. Let X be a cell complex with TC(X) = 2dim(X) + 1. 
Then the topological complexity of the Eilenberg - MacLane complex 
Y = X(7Ti(X), 1) satisfies 

TC(Y) > 2dim(X) + 1. 
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Proof. X is aspherical if dimX = 1. Hence we may assume that n = 
dim(X) > 2 and so Theorem [7J is applicable. Consider local systems 
Ix on X x X and Jy on Y x Y and cohomology classes t>x G H (X x 
X;Ix) and t>y G H l (Y x K; I Y ) as described above. The canonical 
map / : X — > K inducing an isomorphism of fundamental groups 
satisfies (/ x /)*(/y) = J x and (/ x /)*(t)y) = 0*. If (t>x) 2n ^ then 
(fy) 2n 7^ 0. Inequality TC(Y) > 2n + 1 now follows from [9], Corollary 
4.40 since fey is a zero-divisor. □ 

3. Proof of Theorem Q] 

Let X be a connected cell complex with tt\{X) — X 2 — G. Clearly, 
n = dim(X) > 2 and we may apply Theorem [71 The augmentation 
ideal I = ker[e : Z[G] — > Z] is isomorphic to Z as an abelian group; 
however / is nontrivial as a local system on X x X. More precisely, 
each of the classes (g, 1), (1, g) G C7 x G (where g G G is the unique 
nontrivial element) acts as multiplication by — 1 on Z = /. It follows 
that the tensor square / ®z I is the trivial coefficient system Z. 

Consider the canonical class = t>x G H l (X x X; I) and its square 

O 2 G # 2 (X x X;Z). 

Since H 1 (X; Z) = the Kiinneth theorem gives 

# 2 (X x X) = H 2 (X) ® H°(X) © H°(X) ® F 2 (X) 

where we dropped the coefficient group Z from the notation. Hence we 
may write 

2 = ax 1 + 1x6, a, 6 G H 2 (X\ Z). 

By Lemma H] one has a + 6 = 0, and by Corollary [6] both classes a and 
6 are of order two: 2a = = 26. Hence we may write 



D 2 = a x 1 + 1 x a 



and 



ir" = (uV = (ax Hlxflf = ^h«' xa"- 

=o ' 



If n is odd then in the last sum either a 1 = or a n ' = for dimensional 
reasons. If n is even then 

n ) a «/2 xa n/2 = 



v ra/2, 

since the binomial coefficient ( n ™ 2 ) is always even and 2a = 0. Theorem 
[7J implies now that TC(X) < 2n. 

To prove the second statement of the Theorem, assume that X is 
a closed manifold satisfying 7Ti(X) = Z 2 and u> n = where w G 
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H l (X; Z2) is the generator. By a Theorem of Berstein pQ mentioned 
earlier one has cat(X) < dim(X). Our statement (jSj) follows now from 
the inequality TC(X) < 2cat(X) — 1, see [4]. This completes the proof. 

4. Proof of Theorem [2] 

Let X be a cell complex such that the fundamental group 7Ti(X, xo) = 
G = {l,t,t 2 } is cyclic of order 3, i.e. t 3 = 1. The group ring Z[G] is 
the ring of polynomials of the form a + bt + ct 2 with the usual addition 
and multiplication and with the additional identity t 3 = 1; here the 
coefficients a, b, c G Z are integers. The augmentation ideal 7 has rank 
2; it is generated over Z by two elements a — t — 1 and (3 = t 2 —t. The 
structure of 7 as a Z[G x G]-module is given by 

(t,l)-a = /3, (t, 1) • /3 = -a - /3, 

and 

(1, t) ■ a — —a — (3, (1, t) • (3 = a. 

Consider the canonical class $x £ 77 X (X x X;/) and its square 
0^ G 77 2 (X x X;/ <g> J). The local system 7 <g> 7 has rank 4 and 
is generated by the elements a (g> a, a ® ft, (3 ® a and (3 ® (3. The 
Z[Gx G]-action is diagonal, for example 

(t, 1) • a ® a = /3 <g> 

(t, 1) • a (8 /? = /3 <g> (-a - 0) = -/3 ® a- /3 ® p 
and so on. Consider the homomorphism 

T-.I®I-*I®I 

which interchanges the factors. One has T(a (g> (3) = (3 (g> a, T(j3 <8> «) = 
a ® /3 and T acts identically on two other generators a® a and (3 <8> /3. 
It is easy to see that T is a Z[G x G]-homomorphism and hence can be 
viewed homomorphism of local systems. 

Let I A I C 7 ® 7 denote the subgroup generated by the element 
a (g> (3 — (3 (g> a. One observes that I A I = Z has a trivial Z[G x en- 
action; in particular it is a Z[G x G]-submodule of 7 ® J. Denote the 
factor module by 5(7); it is the symmetric square of 7. We have the 
following exact sequence of local systems 

-> / AJ I ® / 5(7) -> 
(recall that J A 7 = Z is trivial) which induces an exact sequence 

-> 77 n (X x X; J A /) ^ 77 n (X xX;I®I)h H n {X x X; 5(7)) -> 
We claim that the class t>^ G H 2 (X x X; 7 <g> 7) satisfies 
(17) j*(4) = G 77 2 (XxX;S(7)). 
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From the skew-commutativity property of cup-products it follows that 
T*(t>x) = —t> x - Since j = j o T we obtain 

j.(t> 2 x ) = J'X(4) = -j*(t> 2 x ), i.e. 2j.(t? x ) = 0. 

On the other hand, by Corollary [6] one has 3j*(t> x ) — which together 
with above implies that j*(t> x ) = 0. 

From the long exact cohomological sequence sequence we obtain that 

(18) *) 2 X = u{w) for some w G H 2 (X x X; Z). 

We claim that any class w G H 2 (XxX; Z) satisfying ( fl8l) is annihilated 
by multiplication by 6, i.e. 

(19) 6w = 0. 

Indeed, consider the map A : I ® I — > I A I — Z given by A(x) = 
x — T(x) for i£/®J. Clearly A is a homomorphism of local systems 
and v4oz:/A/^/A/is multiplication by 2. Hence we obtain 
2w = A* o i*(w) = A*(x> x ) which implies ( TT9|) since 3t> x = 0. 
By the Kiinneth theorem using if x (X; Z) = one can write 

w=axl+lxb 

where a, 6 G # 2 (X; Z) with 6a = = 66. Then 



4" = (4)" = UK) = E (") ^*(« fc x 6- fc ). 

fc=0 ^ ' 

If n is odd each term in the last sum vanishes for dimensional reasons. 
Suppose now that n is even, n = 2m. Then we obtain 

m 



We have already mentioned that the binomial coefficient ( 2 ^) is always 
even. It is divisible by 3 if the 3-adic expansion of m contains at 
least one digit 2, see j8], Lemma 19. This shows that X) 2 X = under 
the conditions indicated in statement (i) of Theorem [2] and implies 
statement (i) by applying Theorem [71 

Next we prove statement (ii) of Theorem [7J Let n > 1 be such that 
its 3-adic expansion contains only digits and 1. Then the binomial 
coefficient ( 2n ) is not divisible by 3, see [S], Lemma 19. 

Consider the lens space L 2 " +1 = S 2n+1 /Z 3 where S 2n+1 C C n+1 
is the unit sphere and Z 3 = {1,u,uj 2 } acts as the group of roots of 
1, where to = exp2iri/3. It is well known that the lens space has 
a cell decomposition with a unique cell in every dimension i for i = 
0, 1, . . . , 2n+l, see [TT], page 144-145. We will denote by X the skeleton 
of Ll n+1 of dimension 2n. Note that X has homotopy type of the lens 
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space Lg"" 1 " 1 with one point removed. We show below that TC(X) = 
4n + 1 using the technique developed in [8] . 

The cohomology algebra H*(X; Z 3 ) can be described as the quotient 
of the polynomial algebra Z 3 [x,?/] with two generators x of degree 1 
and y of degree 2 subject to relations x 2 = 0, y n+1 = and xy n = 0, 
see [UJ, page 251. Here x G H X (X] Z 3 ) is the generator and 

y = P(x) eH\X;Z 3 ) 

is the image of x under the Bockstein homomorphism (3 : H 1 (X; Z 3 ) — > 
H 2 (X; Z 3 ) corresponding to the exact sequence 

-> Z 3 -> Z 9 -> Z 3 -> 0. 

The classes where = 0, 1, . . . ,n, together with xyi for all j = 
0, 1, . . . , n — 1 form an additive basis of H*(X; Z 3 ). By the Kiinneth 
theorem one has 

H\X x X; Z 3 ) = Z 3 ) ® iJ*(X; Z 3 ) 

and therefore the classes 

xV x xV G iT(X x X;Z 3 ) 

where a, c G {0, 1} and b,d E {0, 1, . . . , n} and (a, 6) 7^ (1, n), (c, <i) 7^ 
(l,n) form an additive basis. We denote by x and y the classes 

x = xxl-lxxG H\XxX;Z 3 ), y = yxl-lxy e H 2 (XxX;Z 3 ). 

It is shown in [8] that j3(x) = y and therefore the class y has weight 
two with respect to fibration ([T]). 

Recall that a cohomology class u G H*(X x X;R) is said to have 
weight greater than or equal to k (notation wgt(w) > k) if the restriction 
u\A = vanishes for any open subset A C X x X with TCx(^4) < 
fc, see |8] and [9], §4.5. Here TCx(^4) denotes the relative topological 
complexity of a subset /Iclxl; the latter is defined as the smallest 
number r such that A admits an open cover A — U\ U • • • U U r with 
the property that the projections X <— C/j — > X on the first and the 
second factors are homotopic to each other, for all i = 1, . . . , r. 

By Lemma 4.39 of [9] one has 

wgt((y) 2n ) > 2n ■ wgt(y) > 4n 

and the nontriviality of the power (y) 2n G H 4n (X x X; Z 3 ) would imply 
TC(X) > An + 1, according to Proposition 4.36 of [9]. The opposite 
inequality TC(X) < An + 1 follows directly from ([2]) giving TC(X) = 
An + 1 as desired. 
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By a direct computation one has 

and the binomial coefficient ( 2 ^) is mutually prime to 3 due to the fact 
that the 3-adic expansion of n involves only small digits n, G {0, 1}, 
see Appendix B from [8]. Thus we obtain (y) 2n ^ completing the 
proof. 
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